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Abstract— The vertically driven inverted pendulum—
sometimes called the “Kapitza pendulum”—is a well-known
example of an unstable system that can be stabilized by
oscillatory forcing. Averaging methods and asymptotic stability
results can be applied to develop a general framework for
designing suitable inputs. Linearizing the Kapitza pendulum
yields Mathieu’s equation, which is also extensively studied
for its stability characteristics.In this paper, results from these
two bodies of work are compared, from the point of view
of open-loop control of mechanical systems. The averaging
approaches applied to Mathieu’s equation are seen to access
only a very limited portion of the stability map. Furthermore,
stabilizing input signals exist that may be found from the
linear stability map, but are not found by averaging methods.
The results suggest that the linear stability map is a powerful
and underutilized tool for design and analysis of open-loop
oscillatory control.

I. INTRODUCTION AND MOTIVATION

The results of this paper are motivated by studies of side
pull-in of MEMS comb drive actuators [22], [23], [24]. Side
pull-in is an instability that occurs in constant-gap elec-
trostatic devices, when the drive voltage exceeds a critical
value. Side pull-in occurs in the direction orthogonal to the
desired actuator travel, as opposed to standard pull-in, which
occurs along the direction of desired actuator travel. Those
studies were attempting to prevent or delay side pull-in, and
thus allow operation of the device at higher drive voltages,
corresponding to increased stroke or force. As in many
MEMS control problems, the need for sensing, actuation,
and/or computation must be balanced against complexity of
design and fabrication. For the side pull-in problem, the
nominal plant is uncontrollable and unstable beyond the
pull-in point. Additional sensors and actuators are needed
to stabilize those operating points using feedback control
methods. The goal of those studies was to stabilize operation
beyond the pull-in voltage without redesigning the device—
that is, without the use of feedback.

In 1951, the Russian physicist P. L. Kapitza published an
analysis of the stability of the inverted pendulum with a verti-
cally oscillating base [10]. At that time it was already known
that the upright equilibrium point may be stabilized for
forcing with sufficiently high frequency and sufficiently low
amplitude [18]. Kapitza applied successive approximation to
obtain an “effective moment” that captured the average effect
of the base motion. Kapitza’s analysis is an iconic application
of averaging theory to oscillatory stabilization; the verti-
cally driven inverted pendulum is now sometimes called the
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Kapitza pendulum. Approaches to oscillatory stabilization
based on averaging have received extensive attention across
many disciplines, including control theory. As observed in an
influential 1980 paper by S. M. Meerkov [13], this form of
stabilization is appealing from a control perspective because
it requires no measurement of the system states or outputs,
nor does it require feedforward of commands or disturbances.
Thus it would seem ideally suited to address side pull-in
of comb drives. Meerkov named this strategy “vibrational
control,” and classified it as a separate category of control,
alongside feedback and feedforward methods. In the years
since Meerkov’s seminal publication, control researchers
have further developed open-loop oscillatory stability and
control of linear and nonlinear systems using averaging,
time-scale separation, and asymptotic stability theorems [2],
[3], [4], [1], [21], [6].

It has previously been reported that bidirectional forcing
is required for the successful use of averaging techniques in
MEMS devices [15], [16], [17], [19]. These methods were
successfully applied to stabilize a voltage-controlled gap-
closing electrostatic actuator. A novel device design was
required to overcome the unidirectional nature of capacitively
coupled Coulomb forces [16], [19]. This result is a major
advance over feedback control, despite the added complexity
of the redesigned device, since it eliminates the need for
sensing. However the goal of the constant-gap problem
reported in [22], [23], [24] was feedback-free stabilization
of the nominal device, with no special design features at all.

Therefore averaging methods were adapted to the comb
drive model. However, it was found that while stabilizing
solutions could be found, they did not significantly delay the
side pull-in bifurcation. However, it was also observed that
linearization of the transverse comb drive dynamics yields
Mathieu’s equation. Mathieu’s equation has been extensively
analyzed using Floquet theory—which does not require av-
eraging or time-scale separation—and is known to exhibit
both parametric resonance and oscillatory stabilization [9],
[5]. The linearized model can be stabilized well beyond
the side pull-in point through consideration of the resulting
stability map, and simulations show that the resulting input
signal also stabilizes the nonlinear system. Furthermore, the
result includes an explicit three-way trade-off between the
magnitude of the input frequency, the amount by which the
stable operating range is extended, and the precision with
which the stabilizing forcing signal is applied. This is in
contrast to the averaging methods, which guarantee stability
only in the limit as the forcing frequency increases. This is an
advantage of the Floquet approach that may have important
practical consequences. We note that the linearization of the
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Kapitza pendulum is also Mathieu’s equation, but that there
does not seem to have much overlap between the literature
on these topics. Two exceptions, neither from the control
literature, are [5], [7]. Kapitza himself remarks that analysis
of Mathieu’s equation can find the same stability result as
he obtains, but that the analysis technique is unnecessarily
complicated, provides no new knowledge, and is limited to
small motions. In these remarks he seems either unconcerned
or unaware of the complete stability diagram that the full
analysis of Mathieu’s equation provides [10].

It is natural to ask why the averaging approaches fail
to find these solutions. This paper reports the results of
further investigation, in which averaging is applied directly
to Mathieu’s equation. It ifinds that the averaging methods
access only a small part of the stability behavior, but that this
fact is masked by the effects of time scaling. Two previously
reported stabilization results for Mathieu’s equation and the
Kapitza pendulum are revisited, and it is seen that the
outcomes in those papers have been misinterpreted [13], [1].

The Floquet-based method can use piecewise constant
forcing as well as sinusoidal forcing. The approach is cur-
rently formulated for second-order systems, and it is not clear
how the results may best be extended to higher-order systems
with more general structure. However we believe that the
results show at least that existing approaches to oscillatory
control do not fully capture the range of stability behavior
possible, and therefore that designers should be willing to
look beyond these approaches when faced with a difficult
stabilization challenge.

This paper is organized as follows: Section II presents the
Kapitza pendulum and its linearization. Section III shows
how the stability diagram for Mathieu’s equation may be
used to design a suitable stabilizing input signal, with an
explicitly stated trade-off between the location of the new
bifurcation point and the frequency of the excitation. Section
IV considers the result of applying averaging theorems from
the literature to Mathieu’s equation. Section V presents a
simplified version of the side pull-in bifurcation control prob-
lem,and shows why averaging methods fail while methods
based on the stability diagram succeed. Section VI is a
preliminary result showing that the stability diagram can
also be used, for example, to design a large-angle open-
loop swing-up controller for the Kapitza pendulum. Finally,
Section VII presents our conclusions.

II. KAPITZA’S PENDULUM AND MATHIEU’S EQUATION

The equation of motion of a one degree-of-freedom
damped inverted pendulum with vertical base excitation is
of the form [10], [5]

θ̈ + Cθ̇ − (A+B sinωt) sin θ = 0, (1)

where ˙(•) denotes the derivative with respect to t and A
is positive when θ = 0 corresponds to the upward pointing
equilibrium. Scaling time by τ = t/ω gives

θ′′ +
C

ω
θ′ −

(
A

ω2
+
B

ω2
sin τ

)
sin θ = 0 (2)
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Fig. 1. Stability diagram for Mathieu’s equation. Green regions indicate
stability. Unstable regions for α > 0 correspond to parametric resonance.
Stable regions for α < 0 correspond to oscillatory stabilization.
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Fig. 2. Stability diagram for Mathieu’s equation at small α. For fixed
α < 0 there is a range of β values from within the blue-shaded region
that stabilize the system. This range has both a lower and an upper stability
boundary.

where (•)′ denotes the derivative with respect to τ .
Linearization of (1) and (2) about the equilibrium at θ = 0

is immediate and yields

ÿ + Cẏ − (A+B sinωt) y = 0, (3)

and

y′′ +
C

ω
y′ −

(
A

ω2
+
B

ω2
sin τ

)
y = 0, (4)

respectively. Equation (4) is the damped Mathieu equation
[20]. Setting

α = −A/ω2 (5)

β = B/ω2 (6)
δ = C/ω (7)

we obtain a standard form of the damped Mathieu’s equation,

y′′ + δy′ + (α− β sin τ) y = 0. (8)

The use of sine or cosine in the time-varying coefficient does
not affect the stability. In this paper we will use whichever
is most convenient. The undamped forms are easily obtained
by setting the damping coefficients to zero.
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The stability of the damped or undamped Mathieu’s equa-
tion may be investigated in terms of parameters α and β
by the use, for example, of Hill’s determinant [9]. Figure
1 shows the resulting well-known stability diagram for the
undamped case, where parameter values corresponding to
bounded solutions are shaded green. In the right half-plane,
where α is positive, the β = 0 solutions are stable, while in
the left half-plane, where α is negative, the β = 0 solutions
are unstable. The regions in the right half-plane that are
unstable for some for β > 0 correspond to the phenomenon
known as parametric resonance. In this paper our focus is
on the regions in the left half-plane that are stable for some
β > 0, which correspond to oscillatory stabilization.

Figure 2 expands the stability diagram for the region near
the origin. From the figure it can be seen that for a fixed
α there is a minimum β that is required for stability. That
is, there is a minimum amplitude for stabilizing sinusoidal
forcing. This is referred to here as the lower stability limit.
From the figure it is also clear that there is an upper limit on
the forcing amplitude β above which the system is once again
unstable. This is referred to here as the upper stability limit.
In fact there is a sequence of increasing β intervals for which
the system is stable, due to other stable branches crossing
the β axis. These intervals become increasingly narrow as β
increases. For the remainder of this paper we consider the
first stable region in the left half-plane, which is shaded blue
in Fig. 2.

Figures 1 and 2 suggest that a method for choosing a sta-
bilizing amplitude and frequency for the Kapitza pendulum
should account for the upper stability bound as well as the
lower stability bound. In fact, the great majority of work on
this subject finds only the lower stability bound. However,
the upper bound is not an artifact of the linearization, but also
appears in the Kapitza pendulum, as predicted by Mathieu’s
equation. Furthermore, a more general nonlinear method
should also work when applied to Mathieu’s equation. Doing
so can be an enlightening exercise. In the context of (1) or
(3), the amplitude of B can become large, but in the context
of the time-scaled forms (2) or (4), these methods find only
solutions that approach the origin of the α–β parameter space
from within the dark blue region in Fig. 2.

III. OSCILLATORY CONTROL DESIGN USING THE
LINEAR STABILITY MAP

Consider the stability map shown in Fig. 2. As α moves
to the left, the corresponding interval of stabilizing values
of β becomes narrower. This will make it more difficult to
generate the precise stabilizing signal, and will make the
system more vulnerable to modeling errors.With this in mind,
consider the following design procedure:

1) Choose a point (α∗, β∗) from the stable region in Fig.
2. Note that A is positive and α∗ is negative. The
larger the value of A, the more unstable is the nominal
system.

2) For a desired value of A, a stabilizing frequency will
be ω =

√
−A/α∗. Higher frequencies are necessary

to stabilize a higher degree of static instability, but this
is a specified value, not an unspecified threshold.

3) The amplitude of the signal is then B = ω2β∗.
4) Therefore the stabilizing signal can be given in terms

of the desired operating point as

B sin(ωt) =

(
β∗A

α∗

)
sin

√
− A

α∗
t (9)

Figure 3 shows the amplitude response of both the damped
Mathieu’s equation (8) and the damped Kapitza pendulum
(1) with C = 0.01, and A equal to 1, 10, and 100. The
amplitude and frequency of the oscillatory input have been
designed following (9) with (α∗, β∗) = (−0.25, 0.8).

IV. VIBRATIONAL CONTROL OF MATHIEU’S EQUATION

In this section we consider side pull-in control using
averaging methods. Applying the methods of [2], [3], [4],
[1], [6] to the linear dynamics (3), gives the result that an
input of the form

B sinωt = ωB1 sinωt (10)

will stabilize the origin of (3) for some sufficiently large
value of ω. That is,

ÿ + Cẏ + (−A+ ωB1 sinωt) y = 0, (11)

will be stable for sufficiently large ω. The magnitude of the
signal scales as ω, and so such inputs have been called “large
amplitude, high frequency” [6]. However, consider the time-
scaled version of (11) in the standard form of Mathieu’s
equation:

y′′ +
C

ω
y′ +

(
− A

ω2
+
B1

ω
sin τ

)
y = 0. (12)

From (12) we see that as ω becomes large, both α = −A/ω2

and β = B1/ω become arbitrarily small, and the (α, β)
point approaches the origin from within the dark blue shaded
region in Fig. 2. Therefore, although the control input (10)
is stabilizing, it accesses only a very limited portion of the
stability diagram.

From (12) it can also be seen that an input of the form

B cosωt = ω2B2 sinωt (13)

would be required to reach these other regions of the stability
diagram. In fact, [1] and [13] propose controls of this form,
with the claim that such a form of the input is stabilizing for
sufficiently large ω. Example 2 of [1] states that the system

ÿ −
(
A+ ω2B2 sinωt

)
y = 0 (14)

is stable if
ω2 > −2A

B2
2

. (15)

However, time-scaling this system gives

y′′ −
(
A

ω2
+B2 sin τ

)
y = 0. (16)

Figure 4(a) shows the inequality (15) interpreted in the
α–β stability diagram. A sufficiently small choice of B2
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(a) Mathieu’s Equation, Ā = 1
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(b) Kapitza Pendulum, Ā = 1
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(c) Mathieu’s Equation, Ā = 10
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(d) Kapitza Pendulum, Ā = 10
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(e) Mathieu’s Equation, Ā = 100
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(f) Kapitza Pendulum, Ā = 100

Fig. 3. Simulation results using the oscillatory input of (9) with (α∗, β∗) = (−0.25, 0.8). In all cases there is damping, with C = 0.01

corresponds to β1. In this case, satisfying (15) does guarantee
stability. However, for a larger value of B2, for example the
β2 value shown in the figure, the frequency ω must also sat-
isfy an additional inequality that captures the upper stability
limit. Thus Example 2 of [1] is not a valid application of the
theorems developed in that paper. In fact, Theorem 3, which
is invoked in Example 2, explicitly assumes an input of the
form ωB1 sinωt.

Theorem 2 of [13] concerns inputs of the form u(t) =
B0 sinωt. Applied to (3), that theorem yields the statement
that if

1

2

(
B0

ω

)2

> A, (17)

then there exist B∗0 > 0 and ω∗ > 0 such that for all B0 >
B∗0 and ω > ω∗, the system

ÿ + Cẏ − (A+B sinωt) y = 0, (18)

is stable. In this case, the statement can be interpreted in
the α–β plane as shown in Fig. 4(b). This figure is obtained
by considering the case when B0 is held fixed and ω is
increased (solid lines), and the case when ω is held fixed and
B0 is increased. In the first case, the relations α = −A/ω2,
β = B0/ω

2 give β = −(B0/A)α. In the second case,
α remains constant while β increases. From this figure it
can be seen that the theorem as stated misses the upper
stability limit, since for (α∗, β∗) corresponding to any choice
of (B∗0 , ω

∗), there is a point at which the (α, β) values leave
the stability region when B0 is increased by too much. The
inequality (17) handles the cases where the (α, β) point
drops below the lower stability limit. Thus we see from
application to Mathieu’s equation that two previous results
from the literature obtained using averaging approaches have
been misinterpreted, and must be modified to account for the
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Fig. 4. a) Interpretation in the α–β plane of Example 2 of [1]. The
conclusion of the Example holds for β1 but fails for β2. b) Interpretation
in the α–β plane of Theorem 2 of [13] as applied to Mathieu’s equation.
Solid lines show (α, β) values obtained by holding B0 > B∗

0 fixed and
increasing ω, dashed lines show (α, β) values obtained by holding ω > ω∗

fixed and increasing B0. The statement of the theorem must have a flaw,
as seen by the dashed lines crossing the upper stability limit.

upper stability limit.

V. OSCILLATORY CONTROL OF SIDE PULL-IN

The problem of controlling side pull-in has special features
that make it impossible to treat by the standard averaging
results. These arise because the electrostatic force appears
as the square of the control voltage. The result is that the
α and β terms are coupled, and cannot be independently
specified. To see this, consider the following linear system
which shows the salient elements in a simplified form:

ẍ+ Cẋ+ x = u2 (19)

ÿ + Cẏ + y = u2y. (20)

The x-direction is the desired actuation direction, with equi-
librium x̄ = ū2. Therefore larger u corresponds to larger
actuator displacement. However, for static u the lateral y-
dynamics are destabilized at u = 1. This is the side pull-
in point. The goal of the side pull-in control problem is
to replace the constant u by a time-varying term u(t) that
will enable the actuator to have a larger equilibrium x
displacement without destabilizing the y direction. To avoid
the need for additional sensors, u(t) must not depend on y.

We focus on the y dynamics, and choose a control of the
form u(t) = B sinωt. Neglecting damping, (20) becomes,

ÿ +
(
1−B2 sin2 ωt

)
y = 0, (21)

or,

ÿ +

(
1− B2

2
+
B2

2
cos 2ωt

)
y = 0. (22)

To analyze the stability of the lateral dynamics via Mathieu’s
equation, we denote 2ω by Ω in (21), and apply time scaling,
to obtain

y′′ +

(
1

Ω2
− B2

2Ω2
+

B2

2Ω2
cos τ

)
y = 0. (23)

The problem with applying standard methods of vibra-
tional control as presented in [2], [3], [4], [1], [6] to this

system is the coupling between the constant term and the
zero-mean periodic term. To see this, choose B =

√
2ΩB1

in (21) to obtain the standard form of the control:

ÿ + (1− ΩB1 + ΩB1 cos Ωt) y = 0. (24)

Now the usual procedure in applying one of the methods
from the literature would be to increase Ω until the system
was stabilized. However, the presence of Ω in the constant
term as well as the periodic input invalidates those results. In
fact, consider the inequality that defines the lower stability
limit, β2/2 > −α. For α and β arising in (24), this inequality
becomes,

B2
1 > 2ΩB1 − 2. (25)

Thus we see that there can be no asymptotic stability
guarantee for large Ω. Increasing Ω increases the actuator
stroke, however the lateral dynamics will become unstable.
Therefore these methods are unsuited to the side pull-in
problem.

Now consider a technique based on the stability map. From
(23) we have

α =

(
1

Ω2
− B2

2Ω2

)
(26)

β =
B2

2Ω2
(27)

So for some choice of stabilizing (−α∗, β∗), we have

Ω =
1√

β∗ − α∗
(28)

B = Ω
√

2β∗ =

√
2β∗

β∗ − α∗
(29)

Recall that the objective of the side pull-in problem is to
maintain stability while increasing the control amplitude.
Here that is accomplished by increasing B. For any B there
is a stabilizing signal with

Ω = B/
√
β∗ (30)

In principal, this completely eliminates side pull-in, and
allows the application of arbitrarily large control voltages.
Rather than use unnecessarily high forcing frequencies, the
smallest possible frequency can be chosen. Further, by choos-
ing β∗ as large as possible, the necessary frequency can be
further reduced.

VI. OPEN-LOOP OSCILLATORY SWING-UP CONTROL OF
THE INVERTED PENDULUM

Examination of Fig. 1 and 2 show that there are points for
which Mathieu’s equation at (−α, β) is stabilized by oscilla-
tory stabilization, and Mathieu’s equation at (α, β) is desta-
bilized by parametric resonance. For example, (0.08, 0.5) is
one such point. This raises the question of whether it is
possible to swing up from the downward pointing position,
to end at the stable upward-pointing position. This question
was investigated by numerical simulation.

As seen in Fig. 5, simulations showed that the undamped
pendulum departs from initial positions near the downward
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Fig. 5. Open-loop swing-up control of the Kapitza pendulum. Nonlinear,
time-varying damping is used to capture the pendulum at the upright
equilibrium point.

pointing unstable equilibrium, but does not settle at the up-
ward pointing stable equilibrium. Adding constant damping
did not improve the capture at the upward pointing point.
Experimenting with different types of damping led to the
choice of viscous damping with a nonlinear, time-varying
damping coefficient of the form δz θ̇ with

δz = 10−6 +

{
e−t/20 cos(θ) > 0.9

0 otherwise
(31)

This is an admittedly contrived and impractical form of
damping. However it is still remarkable that an open-loop
swing-up controller can be designed largely on the basis of
the linearized dynamics at the two equilibrium points.

VII. CONCLUSIONS

We have applied nonlinear methods for the design of
stabilizing time-varying inputs to the Kapitza pendulum, and
to its linearization, Mathieu’s equation. We have compared
the results to the stability map obtained for Mathieu’s equa-
tion using Floquet theory. The results show that the non-
linear methods, which typically rely on asymptotic stability
theorems, address only a small part of the stability map.
Design based directly on the stability map for Mathieu’s
equation can access a much more extensive range of control
signals. The consequences for design are threefold. First, the
result suggests that design for second-order systems based
directly on linearization and application of Floquet theory is
a strategy worth further investigation. Second, the benefits of
this method seem to warrant efforts to extend it for higher-
order systems. Third, the nonlinear averaging methods that
have been developed should be re-examined in light of these
results, to see if the limitations that have been revealed are
fundamental to the methods, or can be removed by further
development.
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